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We present a study of scattering of massless planar scalar waves by a charged non-rotating black
hole. Partial wave methods are applied to compute scattering and absorption cross sections, for a
range of incident wavelengths. We compare our numerical results with semi-classical approximations
from a geodesic analysis, and find excellent agreement. The glory in the backward direction is
studied, and its properties are shown to be related to the properties of the photon orbit. The effects
of black hole charge upon scattering and absorption are examined in detail. As the charge of the
black hole is increased, we find that the absorption cross section decreases, and the angular width
of the interference fringes of the scattering cross section at large angles increases. In particular, the
glory spot in the backward direction becomes wider. We interpret these effects under the light of
our geodesic analysis.
PACS numbers: 04.40.-b, 04.70.-s, 11.80.-m
I. INTRODUCTION
Almost a century ago, Schwarzschild discovered a
pleasingly simple exact solution to Einstein’s gravita-
tional field equations. Ever since, exact solutions have
been cherished by theoretical physicists as islands of
refuge [1]. That is to say, natural harbors, from which the
choppy waters of the non-linear dynamical theory may be
safely explored.
Exact black hole solutions are both elegant and sim-
ple. Members of the Kerr-Newman family depend on just
three numbers: mass M , charge Q and angular momen-
tum J [2]. Uniqueness and stability proofs suggest that
these simple stationary spacetimes arise as the generic fi-
nal outcomes from complicated dynamical processes such
as stellar collapse [3].
To examine dynamics, one may try perturbing a black
hole away from its stationary configuration. The inter-
action of fields with Kerr-Newman black holes is of rele-
vance to questions about formation, stability, and gravi-
tational wave emission. For example, is now well estab-
lished that black holes have no hair ; in other words, all
long-ranged classical fields (‘hair’) must decay away [4].
In the 70s and 80s, significant effort was devoted
to the study of the scattering and absorption of pla-
nar waves that impinge upon black holes in vacuum
(cf., e.g., Ref. [5] and references therein). This sub-
ject has also received attention in recent years (e.g., see
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Refs. [6, 7, 8, 9, 10]). In the standard scenario, au-
thors consider a black hole irradiated by a long-lasting
monochromatic plane wave of frequency ω which is inci-
dent from infinity. Flux is absorbed and scattered, and,
if the wave has intrinsic spin, polarized. The resulting
scattering pattern may be interpreted as the signature of
the black hole. Its features depend primarily upon the
dimensionless coupling ωM . The large-angle scattering
pattern, in particular the so-called glory in the backward
direction, is inextricably linked to the near-horizon ge-
ometry of the hole. It is conceivable that such patterns
may one day be observed experimentally at gravitational
wave detectors.
Although Reissner-Nordstro¨m black holes have not re-
ceived the same degree of attention as Schwarzschild
and Kerr black holes, some effort has been devoted to
study the emission and absorption properties of charged
black holes. In 1977, Page [11] considered the Hawk-
ing emission rates from a nonrotating black hole of small
charge, calculated for electrons and muons and their an-
tiparticles. Absorption properties of massive scalars by
Reissner-Nordstro¨m black holes were analyzed by Jung,
Kim, and Park [12]. The absorption and emission spec-
tra of higher-dimensional static charged black holes have
been computed by Jung and Park both in the brane and
in the bulk for the massless scalar field [13]. The electro-
magnetic absorption cross section of Reissner-Nordstro¨m
black holes has been studied by two of the present au-
thors [14]. Notwithstanding, to the best of our knowl-
edge, there are no previous works devoted to planar wave
scattering by Reissner-Nordstro¨m black holes in the lit-
erature. The present paper is dedicated to the study
of scattering and absorption of massless scalar waves by
static charged black holes in four dimensions.
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2The Reissner-Nordstro¨m spacetime line element is
given by
ds2 = f(r)dt2 − [f(r)]−1dr2 − r2 (dθ2 + sin2 θdφ2) , (1)
where f(r) = (1 − r+/r)(1 − r−/r) with r± = M ±√
M2 −Q2. We use natural units with c = G = 1 and
the metric signature (+−−−).
In this work, we exhibit results for three different abso-
lute values of the black hole charge, namely: Q = 0, |Q| =
0.5M , and |Q| = M . Here, Q = 0 is the Schwarzschild
case which was investigated in Refs. [15, 16], |Q| = 0.5M
is a typical Reissner-Nordstro¨m black hole example, and
|Q| = M is the extreme Reissner-Nordstro¨m black hole
case. Our formalism can be used to obtain results for
arbitrary values of the ratio q ≡ |Q|/M , in the interval
0 ≤ q ≤ 1.
The remainder of the paper is organized as follows:
In Sec. II we consider the geodesics of the Reissner-
Nordstro¨m spacetime. The partial wave approach is out-
lined in Sec. III, where we give expressions for the mass-
less scalar field, and the absorption and scattering cross
sections. Our numerical results are presented in Sec. IV.
We conclude with some final remarks in Sec. V.
II. CLASSICAL ANALYSIS
Here we analyze geodesics in the Reissner-Nordstro¨m
spacetime. The key results obtained in this section
are used to check the validity of our numerical results,
obtained from the partial wave scattering analysis of
Sec. III.
The geodesics of the Reissner-Nordstro¨m spacetime
can be found by using Eq. (1) to write
s˙2 = f(r)t˙2 − [f(r)]−1r˙2 − r2
(
θ˙2 + φ˙2 sin2 θ
)
= κ , (2)
where the “.” denotes the derivative with respect to an
affine parameter. For massive particles we have κ = 1,
and for massless particles we have κ = 0.
The orbit equation for massless particles is [17](
du
dφ
)2
=
1
b2
− u2 + 2Mu3 −Q2u4, (3)
where u = 1/r and b is the impact parameter. By inte-
grating Eq. (3) we obtain the deflection angle
Θ(b) =
4√
Q2(u3 − u1)(u2 − u0)
[K(k)− F (z, k)]− pi ,
(4)
where F (z, k) and K(k) are the incomplete and complete
elliptic integrals of first kind [18], respectively, with
k2 =
(u3 − u2)(u1 − u0)
(u3 − u1)(u2 − u0) ,
and
z =
[
−u0(u3 − u1)
u3(u1 − u0)
]1/2
.
Here, u0, u1 = 1/rmin, u2 and u3 are roots of the right
hand side of Eq. (3), and rmin is the radius of closest
approach. For scattering geodesics, the roots obey the
inequalities u0 < 0 and u3 > u2 ≥ u1 > 0. (An analy-
sis of the scattering of null geodesics on the Reissner-
Nordstro¨m spacetime is presented in Appendix A. A
more extensive study of geodesics on black hole space-
times may be found in [19], for example.)
By differentiating Eq. (3) we get
d2u
dφ2
+ u = 3Mu2 − 2Q2u3. (5)
We solved Eqs. (3) and (5) numerically to exam-
ine how the black hole charge influences geodesics in
Reissner-Nordstro¨m spacetime, and compared with the
Schwarzschild case. In Fig. 1 we compare the geodesics
on different Reissner-Nordstro¨m spacetimes. The mass
of the hole M is fixed but the charge-to-mass ratio
q = |Q|/M is varied. We find that, for a fixed impact
parameter b, a larger ratio q leads to a smaller deflection
angle Θ.
Using Eqs. (3) and (5) we may derive an analytical
approximation to the scattering cross section for small
angles. Considering the weak field limit, the deflection
angle is found to be [20, 21, 22]:
Θ(b) ≈ 4M
b
+
3pi
4
(
5− q2)M2
b2
. (6)
Note that for large impact parameters we obtain Θ(b) ≈
4M/b, which is Einstein’s deflection angle [23].
The classical differential scattering cross section is
given by
dσsc
dΩ
∣∣∣∣
cl
=
b
sin θ
∣∣∣∣dbdθ
∣∣∣∣ . (7)
From Eqs. (6) and (7) we conclude that the classical dif-
ferential scattering cross section for small angles is
dσsc
dΩ
∣∣∣∣
cl
≈ 16M
2
θ4
+
15piM2
4θ3
− 3piQ
2
4θ3
. (8)
We see that, in the weak field limit, the presence of the
black hole charge does not modify the dominant term
neither in the deflection angle nor in the scattering cross
section. We can thus conclude that in the high-frequency
(short-wavelength) limit the differential scattering cross
section for small angles must be approximately indepen-
dent of the black hole charge.
The presence of an unstable photon orbit at r = rc (see
Appendix A) means that, in theory, geodesics may be de-
flected through any angle. This property, together with
the axial symmetry of our plane-wave scattering scenario,
3 10
 5
 0
 5
 10
 15
 20  15  10  5  0  5  10  15  20  25
Geodesics in Reissner!Nordström spacetime for b = 5.2M
q = 0
q = 0.2
q = 0.4
q = 0.6
q = 0.8
q = 1
FIG. 1: Geodesics in the Reissner-Nordstro¨m spacetime for
different values of the ratio q = |Q|/M . Here, the impact
parameter has been chosen to be b = 5.2M . We see that the
black hole has a stronger influence in the particle trajectory
for smaller values of q.
implies that a glory will be present. Just as in optics, a
glory is a bright spot or halo arising in the scattered in-
tensity in the antipodal direction. The intensity and size
of the spot or halo depends on the wavelength of the in-
cident perturbation, leading to chromatic effects. The
magnitude and size of the bright spot may be estimated
using the approximation derived by Matzner et al. [24]
dσsc
dΩ
∣∣∣∣
θ≈pi
≈ 2piωb2g
∣∣∣∣dbdθ
∣∣∣∣
θ=pi
[J2s(ωbg sin θ)]2 . (9)
Here, bg is the impact parameter that corresponds to a
deflection angle of pi, J2s(x) is a Bessel function of the
first kind (of order 2s), and s is the spin of the field
(s = 0 for the scalar wave). We recall that Eq. (9) is an
approximation valid at high frequencies (ωM  1), for
angles close to the backward direction (θ ≈ pi).
The value of bg can be obtained (i) by numerically
solving the orbit equation (3), or (ii) by considering an
analytical approximation of the deflection angle, valid
for impact parameters close to the critical one (b ≈ bc).
We compare the results of methods (i) and (ii) in Ap-
pendix A. We find that there is a significant difference
between these two approaches. The approximate ap-
proach (ii) suggests that the glory peak intensity will
decrease monotonically as the black hole charge-to-mass
ratio is increased. This is not supported by the numeri-
cal approach (i), however. We find that the peak inten-
sity decreases, reaches a minimum, and increases again,
as q increases. This demonstrates that the approximate
method (based on the ‘Darwin approximation’ [25]) is
not sufficiently accurate for our purposes.
We combined method (i) with the glory approximation
(9), to estimate the magnitude and width of the glory.
We found
dσsc
dΩ
∣∣∣∣
θ≈pi
≈ A(q)[J0(bg(q)ω sin θ)]2, (10)
where A(q)/(ωM3) = {30.75, 29.73, 28.87} and
bg(q)/M = {5.36, 5.14, 4.30} for q = 0, 0.5, 1, re-
spectively. In Sec. IV we check the scattering cross
section obtained via the partial wave method against
this semi-classical prediction.
III. PARTIAL WAVE ANALYSIS
A. Massless Scalar Field Equation
In curved spacetimes the equation for the minimally-
coupled massless scalar field is
∇µ∇µΦ = 0 . (11)
For r > r+, the Reissner-Nordstro¨m spacetime, which is
spherically symmetric, has a global timelike Killing field,
∂t. Hence, we may write
Φ =
ψωl(r)
r
Ylm(θ, φ)e−iωt. (12)
Here, Ylm(θ, φ) are the scalar spherical harmonics. The
radial solutions ψωl can be expressed in terms of two
independent sets of modes: one incoming from the past
white-hole horizon H− and other incoming from the past
null infinity J− (see, e.g., Ref. [26] for more detail). Here
we are dealing with scattering of waves by black holes,
so that we need only to consider those modes incoming
from J−.
The equation for ψωl can be written as
f(r)
d
dr
[
f(r)
d
dr
ψωl(r)
]
+
[
ω2 − Veff (r)
]
ψωl(r) = 0,
(13)
where the effective potential is given by
Veff (r) = f(r)
[
1
r
df(r)
dr
+
l(l + 1)
r2
]
. (14)
To better treat the solution of Eq. (13) in the asymp-
totic limits, we introduce the tortoise coordinate x de-
fined by
d
dx
= f(r)
d
dr
, (15)
or, in integral form,
x = r +
r2+
r+ − r− ln
∣∣∣∣ rr+ − 1
∣∣∣∣− r2−r+ − r− ln
∣∣∣∣ rr− − 1
∣∣∣∣+ C,
(16)
where C is an integration constant. Our numerical results
for the scattering cross section are independent of the
choice of C, and we have set C = 0.
In terms of the tortoise coordinate, the radial equation
(13) may be written as
d2
dx2
ψωl(x) +
[
ω2 − Veff (x)
]
ψωl(x) = 0. (17)
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FIG. 2: The effective potential for the extreme Reissner-
Nordstro¨m black hole as a function of the tortoise coordi-
nate (16), plotted for different choices of l.
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FIG. 3: The effective potential given by Eq. (14) with l = 0 is
plotted for q = 0 (solid line), q = 0.5 (dashed line), and q = 1
(dotted line). The effective potential goes to zero at the event
horizon and at infinity. As we can see, the maximum of the
potential increases as the black hole charge increases.
In Fig. 2 we plot the effective potential as a func-
tion of the tortoise coordinate for an extreme Reissner-
Nordstro¨m black hole.
In Fig. 3 we compare the effective potential, with l = 0,
for the three cases: Q = 0, |Q| = 0.5M , and |Q| = M . As
we can see, the effective potential goes to zero as r → r+
and as r → ∞, for all cases. The height of the effective
potential barrier increases with the charge-to-mass ratio
q.
For r  r+, we have
ψωl(x) ≈ ωx
[
(−i)l+1Ainωlh(1)∗l (ωx) + il+1Aoutωl h(1)l (ωx)
]
,
(18)
where h(1)l (x) are the spherical Bessel functions of the
third kind [18], and Ainωl and A
out
ωl are complex constants.
Now, recalling that h(1)l (x) ≈ (−i)l+1eix/x as x→∞,
and using that the effective potential goes to zero as x→
−∞, we get
ψωl(x) ≈
{
Atrωle
−iωx (x→ −∞),
Ainωle
−iωx +Aoutωl e
iωx (x→∞), (19)
with the relation |Ainωl|2 = |Aoutωl |2 + |Atrωl|2 satisfied.
B. Absorption Cross Section
The total absorption cross section can be written as
σabs =
∞∑
l=0
σ
(l)
abs, (20)
where σ(l)abs is the partial absorption cross section, namely
σ
(l)
abs =
pi
ω2
(2l + 1)
(
1−
∣∣∣∣AoutωlAinωl
∣∣∣∣2
)
. (21)
From the classical analysis, developed in Sec. II, the
geometrical optics (high-frequency) limit of the total ab-
sorption cross section can be found to be
σhfabs = pi
(
3M +
√
9M2 − 8Q2
)4
8
(
3M2 − 2Q2 +M
√
9M2 − 8Q2
) . (22)
It is easy to check that for Q = 0 we get from Eq. (22)
σhfabs = 27piM
2 = (27/4)pir2+ [27]. (We recall that r+ =
2M and r− = 0 in the Schwarzschild case.) For |Q| = M
we get σhfabs = 16piM
2 = 16pir2+. (We recall that r+ =
r− = M in the extreme Reissner-Nordstro¨m case.)
C. Scattering Cross Section
The phase shifts of the scattered waves are defined by
exp [2iδl(ω)] = (−1)l+1A
out
ωl
Ainωl
. (23)
The scattering amplitude is given by
g(θ) =
1
2iω
∞∑
l=0
(2l + 1)
[
e2iδl(ω) − 1
]
Pl(cos θ), (24)
and the differential scattering cross section is
dσsc
dΩ
= |g(θ)|2 . (25)
A selection of our key results for the absorption and
scattering cross sections is presented in the next sec-
tion. The numerical method we have used is described
in Ref. [28]. In addition, we have used the method de-
veloped in Refs. [7, 29] to improve the numerical conver-
gence of the partial wave series (24).
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FIG. 4: The partial absorption cross section with l = 0 plotted
for Reissner-Nordstro¨m black holes, with q = 0 (solid line),
q = 0.5 (dashed line), and q = 1 (dotted line). We see that
σ
(0)
abs → A as ωM → 0.
IV. RESULTS
In Fig. 4 we plot the partial absorption cross section of
Reissner-Nordstro¨m black holes divided by the black hole
area, A = 4pir2+, for l = 0, and for q = 0 (Schwarzschild
case), q = 0.5 (typical Reissner-Nordstro¨m case) and
q = 1 (extreme case). We see that in the low-frequency
limit we have σ(0) lfabs = A [30, 31]. In this limit, the only
nonvanishing contribution to the total absorption cross
section comes from the isotropic mode with l = 0.
The total absorption cross section of Reissner-
Nordstro¨m black holes is plotted in Fig. 5, for the same
three choices of the charge (q = 0, 0.5, 1). As we can see,
the absorption cross section decreases as the charge-to-
mass ratio increases. (The same behavior is observed for
the electromagnetic field absorption cross section [14].)
This is in concordance with the observation that the
height of the effective potential barrier (see Fig. 3) in-
creases with the charge-to-mass ratio. The straight lines
in Fig. 5 show the geometric-optics limit for each case.
In Fig. 6 we plot the differential scattering cross sec-
tions of Reissner-Nordstro¨m black holes for the massless
scalar field at ωM = 3.0. The values chosen for the black
hole charge are again such that q = 0, q = 0.5 and q = 1.
In this figure we also plot the glory scattering cross sec-
tions given in Eq. (10). We find an excellent agreement
between the numerical results and the glory approxima-
tion for θ ≈ pi.
We compare the scattering cross sections in Fig. 7, for
the same choices of the black hole charge (q = 0, 0.5, 1),
at ωM = 1.0. In Fig. 8 we make the same comparison
for ωM = 3.0. We see that, at fixed frequency, the glory
peak is wider for larger values of the charge-to-mass ratio
q. This can be understood by the fact that, from Eq. (9),
the glory peak width is proportional to 1/(bgω), and from
Eq. (10) we see that bg is smaller for larger values of q.
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FIG. 5: Reissner-Nordstro¨m absorption cross section for q =
0, q = 0.5, and q = 1. We see that the total absorption cross
section decreases as the black hole charge increases.
V. FINAL REMARKS
In the preceding sections, we have computed absorp-
tion and scattering cross sections for planar monochro-
matic massless scalar waves impinging upon Reissner-
Nordstro¨m black holes. We found that the interac-
tion depends on frequency ωM and charge-to-mass ra-
tio q = |Q|/M . We developed the formalism needed to
obtain scattering and absorption cross sections for arbi-
trary values of 0 ≤ q ≤ 1. We showed typical results for
three different values of the charge-to-mass ratio of the
black hole, namely: q = 0, q = 0.5, and q = 1.
What, then, are the effects of black hole charge upon
the scattering and absorption of massless scalar waves?
Let us summarize. The effect on absorption is clear: the
absorption cross section decreases as the charge-to-mass
ratio increases (Fig. 5). This is compatible with the fact
that the horizon area shrinks from 16piM2 at q = 0 to
4piM2 at q = 1. In our numerical results we have ob-
served that, in the low-frequency limit, the absorption
cross section tends to the black hole area (Fig. 4) [30].
This is a general result for the absorption cross section of
the minimally-coupled massless scalar field in stationary
black hole spacetimes [31]. We have also observed that,
in the high-frequency limit, the absorption cross sections
oscillates about the geometric-optics value (Fig. 5). Sim-
ilar behavior has previously been observed for the elec-
tromagnetic field [14].
The effects of black hole charge upon wave scattering
are more subtle. By using the weak-field approximation
(6), we showed that the scattering cross section at small
angles (θ ≈ 0) is still dominated by the “Schwarzschild
term” 16M2/θ4 [cf. Eq. (8)]. Black hole charge leads
only to a subdominant correction term proportional to
Q2/θ3 at small angles. However, the black hole charge
does have a significant effect upon the cross section ob-
served at large angles (Figs. 7 and 8). We found that
the angular width of the so-called spiral scattering os-
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FIG. 6: Comparison between the scattering cross section of
Reissner-Nordstro¨m black holes and the glory approximation
at ωM = 3, for q = 0, 0.5, 1. As we can see, for the three
cases, the numerical results are in excellent agreement with
the glory approximation for angles close to 180◦.
cillations increases with q. In particular, the glory peak
becomes wider as q increases (Fig. 6). These effects are
related to the fact that the radius of the photon orbit
shrinks as q increases.
In principle, highly accurate measurements of, for ex-
ample, the gravitational wave flux scattered by a black
hole could one day be used to estimate black hole’s
charge. A more immediate possibility is that scattering
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FIG. 7: Scattering cross section for Reissner-Nordstrom black
holes with charges q = 0 (solid line), q = 0.5 (dashed line),
and q = 1 (dotted line), for ωM = 1.0. The width of the glory
peak gets wider for bigger values of the black hole charge.
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FIG. 8: Scattering cross section for Reissner-Nordstrom black
holes with charges q = 0, q = 0.5 and q = 1, for ωM = 3.0.
Here, as in Fig. 7, the width of the glory peak increases as
the black hole charge increases.
and absorption patterns may be observed with black hole
analogue systems created in the laboratory [28]. Even
if experimental verification is not forthcoming, we hope
that studies of wave scattering by black holes will con-
tinue to improve our understanding of how black holes
interact with their environments.
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APPENDIX A: ANALYTICAL APPROXIMATION
FOR THE GLORY COEFFICIENTS
Here we derive an approximation to the deflection an-
gle given in Eq. (4), in order to obtain an analytic expres-
sion for the glory impact parameter bg and its derivative.
Our aim is to estimate the magnitude and width of the
glory peak for Reissner-Nordstro¨m black hole scattering.
Let us begin by finding the roots of the right hand side
of Eq. (3) when the impact parameter is critical (b = bc).
We have
u¯0 =
[
(M + y)− 2
√
M(M + y)
]
/4Q2 , (A1)
u¯1 = uc = (3M − y) /4Q2 , (A2)
u¯2 = uc , (A3)
u¯3 =
[
(M + y) + 2
√
M(M + y)
]
/4Q2 , (A4)
where y =
√
9M2 − 8Q2. Note that a root is repeated
in the critical case: u1 = u2 = uc. The radius of the
circular photon orbit is rc = 1/uc. The critical impact
parameter is
bc =
(3M + y)2√
8(3M2 − 2Q2 +My) . (A5)
In the Schwarzschild limit (Q = 0) we recover u0 =
−1/6M , u1 = u2 = 1/3M , u3 = +∞ and bc =√
27M [23].
When the impact parameter is close to critical (b ≈ bc),
the perturbed roots are
u0 = u¯0 +O(δ2) , (A6)
u1 = uc − ucδ∆ +O(δ2) , (A7)
u2 = uc + ucδ∆ +O(δ2) , (A8)
u3 = u¯3 +O(δ2) , (A9)
where δ2 = (b− bc)/bc and ∆2 = 2/(6− u2cb2c).
For near-critical orbits we find that the coefficient k of
the elliptic integrals in Eq. (4) behaves as
k2 = 1− 2uc(u¯3 − u¯0)∆
(u¯3 − uc)(uc − u¯0)δ +O(δ
2) . (A10)
To derive the logarithmic deflection formula, we make
use of the approximations for k ≈ 1
K(k) ≈ 1
2
ln
(
16
1− k2
)
, (A11)
F (z, k) ≈ 1
2
ln
(
1 + z
1− z
)
, (A12)
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FIG. 9: Glory parameters bg and |db/dθ|θ=pi shown as a func-
tion of q. The plots compare the approximation Eq. (A13)
(dotted line) with accurate results from numerical integra-
tion (solid line). The approximation for |db/dθ|θ=pi is clearly
less good than the approximation of bg, and the accuracy di-
minishes further as q → 1.
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FIG. 10: Intensity of the glory peak A as a function of q.
The prediction of the logarithmic approximation is compared
with the exact solution of the orbital equation. We also show
the intensity of the glory peak computed numerically via the
partial wave method for ωM = 1.0, 3.0, and 5.0.
and also (u3 − uc)(uc − u0) = 2/(Qucbc∆)2 and u3 −
u0 = M
√
1 + y/M/Q2. Putting all these elements into
Eq. (4), we find
Θ(b) ≈ −α(q) ln
(
b− bc
β(q)M
)
, (A13)
8where the dimensionless coefficients are
α(q) =
ucbc√
6− u2cb2c
, (A14)
β(q) =
32(6− u2cb2c)3
u6cb
3
cM
3(1 + y/M)
(1− z)2
(1 + z)2
e−pi/α(q) .(A15)
The glory formula is
dσsc
dΩ
∣∣∣∣
θ≈pi
≈ A(q) [J2s(bgω sin θ)]2 , (A16)
where the magnitude of the glory peak is given by
A(q) = 2piωb2g
∣∣∣∣dbdθ
∣∣∣∣
θ=pi
. (A17)
In Fig. 9 we compare the values of bg and |db/dθ|θ=pi
calculated from approximation (A13) with exact values
determined from numerical integration. It shows clearly
that the estimate of bg found from (A13) is significantly
more accurate than the corresponding estimate of its
derivative with respect to θ.
The magnitude of the glory peak obtained using the
logarithmic approximation [Eqs. (A13)–(A15) and (A17)]
is plotted in Fig. 10, and it can be seen that it decreases
with q. The logarithmic scattering results suggest that
the glory magnitude for q = 1 should be significantly
smaller than for q = 0. In Fig. 10 we also show the val-
ues of A(q) obtained by solving the orbital equation (3)
numerically. It is interesting that these two approaches
disagree significantly near q = 1 (the curve obtained us-
ing the orbital equation goes up whereas the logarithmic
approximation curve goes down). It is clear that the
exact solution does not agree with the logarithmic ap-
proximation for the glory scattering. For instance, for
the Schwarzschild case, the logarithmic approximation
gives [25]A(q = 0) = 27.029ωM3 whereas the exact value
is A(q = 0) = 30.752ωM3. We find bg = 5.346635M and
|db/dθ|θ=pi = 0.150483M for the logarithmic approxima-
tion, compared with bg = 5.356959M and |db/dθ|θ=pi =
0.170554M , obtained numerically. As we can see from
Fig. 9, most of the error in the logarithmic approxima-
tion comes from the derivative of b with respect to θ.
The values of A(q) obtained via the partial wave method
(cf. Sec. III C) for ωM = 1.0, 3.0, and 5.0 are also shown
in Fig. 10. We see that they oscillate around the semi-
classical result obtained using the orbital equation (3).
Finally we note that the glory approximation (9)
may be improved by including the contribution from
geodesics passing more than once around the black hole
(i.e. through angles 3pi, 5pi, etc.) [5]. Higher-order con-
tributions of this kind will be suppressed by successive
factors of e−2pi/α(q). Since the largest value of α(q) is
α(1) ≈ 1.4142, subsequent contributions will be sup-
pressed by at least e−2pi/1.4142 ≈ 1.2 × 10−2. We ne-
glect these contributions here, although elsewhere it was
shown [10] that adding the second-order contribution
may improve the approximation slightly.
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